THE TOPOLOGY OF ORDERED ABELIAN GROUPS

BY
L. W. COHEN AND CASPER GOFFMAN

Introduction. We consider an ordered abelian group G= [x] in which the
identity 6 is not isolated: if x, y >0 in G then x4y >0; there is an x#£0; and if
x>0 there is a y such that § <y<x. It is found that for each G there is a
unique ordinal £* =£*(G) associated with the topology of G (§1).

We study extensions of G which are complete in' three different senses. A
group is called topologically complete if every fundamental £*-sequence has a
limit. It is called complete in the archimedean sense if it has no proper
archimedean extension. It is called order complete if every set bounded above
has a least upper bound. These three types will be designated by -, a-, o-
completeness. We show that every ordered abelian group G has a ¢-complete
extension Gp whose elements are the Dedekindean (§2) lower segments of G
in the sense of Baer [1](?). It is pointed out that the o-complete extension G
consisting of all lower segments of a non:archimedean group G fails to be a
group because the non-Dedekindean lower segments do not have inverses
(§4). The extension Gp is isomorphic with the group G of classes of equivalent
fundamental £*-sequences in G (§2). This illuminates the relation between
the completion methods of Dedekind and Cantor. It is shown that a-complete-
ness implies {-completeness but that only a partial converse holds (§3).

The Hahn groups H furnish examples of the theory (§5). It is shown that
these groups are t-complete and satisfy axioms [1] under which it follows they
are of the second £*(H)-category.

1. Topology and the ordinal £*(G). Given an ordinal N* and a single-valued
function x, defined on the ordinals A <A* with values in a group G, we call
%, a A*-sequence. A N*-sequence is called decreasing if A\ <N <A* implies
X > %, in G. A N*-sequence x, is said to M*-converge to 8 if for each x >0 there
is a A, <M* such that A, S\ <\* implies | xx| <x where | y| =max [y, —y]. We
write N*-lim x, =x if 2\ —x N*-converges to 6.

THEOREM 1. The set A of ordinals N* for which there are decreasing N*-
sequences x\ such that N*-1im x) =0 s not empty.

Proof. The nonempty set P=[x|x>0] can be well-ordered as a u*-se-
quence x,. Let x,,=x; and suppose that, for »* <u*, x,, has been defined so
that, if » <v*, u, is the first u for which r <v implies x,, <x,,. Then x,, decreases
on »<v*. Now either »*-lim x,,=6 or there is an x & P such that » <»* implies
x Sx,,. Since § is not isolated, there is a first u <u* such that 6 <x, <x. Since
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x, <x,, for v <v* it follows that u>pu, for v <v*. We define u,» =u. By trans-
finite induction it follows that there is a A*-sequence x,,, » <\*, such that
Nlim x,,=60. Hence N*EA.

The nonempty set A=[A\*] has a first element which we denote by
£ =£*(G). There is a decreasing £*-sequence a; in G such that £*-lim a;=6
by Theorem 1. We shall make extensive use of the sequence a; in the sequel.

THEOREM 2. The ordinal £¥(G) is a limit number such that if n* <&* and &,
is a single-valued function on n<n* to £ <E*, then sup [Eﬂ[ n<n*] <E*(®).

Proof. £* =£*(G) is a limit number. Otherwise £*=7+1 and 0 <a,=a; for
£ <&* which is contrary to £*-lim a;=0. Now suppose there are {*<(* and a
function & on ¢ <{* to £ <£* such that sup [E;] ¢ <t*] =¢£* It may be assumed
without loss of generality that {1 <{<{* implies &, =&, We show that
{*-lim ag =0. If x>0 in G there is n <£* such that 6 <a,<x. There is {(n) <{*
such that <& <E*. Since a; decreases on £<E*, 0<ag<ag, <a,<x if
$(n) <¢<E&* and so {*-lim ag=0. Hence {*€A and so £* <{™* since £*=£*(G)
is the first element of A. This contradicts the assumption {* <&*.

A neighborhood system U= [U;(x)] for G is defined as follows:

Ue = Ue0) = [x|] #| < ae], E< g,
Ue) =2+ U= [+ y| y E UL
We shall refer to £*-sequences hereafter simply as sequences. Before stating
the basic properties of the neighborhood system U we prove three lemmas.

LeMMA 1. For each positive integer n, £*¥-1im na;=0.

Proof. Suppose n=2. If x>0 there is a £, <£* such that § <ag <x. There
is a £2<£* such that 8 <ag <x—ag,. If max [&, &) SE<E, then 0<ai+a:<ay,
+a;,<x and so £*-lim 2a;=0. Induction completes the proof.

LeMMA 2. For each positive integer n and n<E* there is a £=£(n, ) <E*
such that nUs= [x1+ - - - +xnlxi€ U] CU,.

Proof. Suppose n=2. There is a £=£(2, 5) such that 0<a;+a:<a, by
Lemma 1. If 21, x2€ Uy, then |x1+x2| < |x1| + | x2| <2a;<a,. Hence 2U;C U,
Induction completes the proof.

Lemma 3. —Us=[—x|xE U] =T,

Proof. The proof is clear.

THEOREM 3. The neighborhood system U has the properties:
a. N Ug(x) =x.
B. &1 <& <E* tmplies Ug,(x)D U, (x).

(*) £(G) has property (*) of [1].




312 L. W. COHEN AND CASPER GOFFMAN [November

v. n<E* implies there is £(n) such that <£(175 <E* and if Ugeny(¥)N Ugeny(x)
#0 then UE(»)(y) C U"I(x)‘
8. n* <E* implies Ne<qr Ue(x) 25 open(®).

Proof. Property o follows from £*-lim a;=6. Property B follows from the
decreasing character of the a;. For property v: given n <£* there is a £(5) for
which 3 U, CU, by Lemma 2. By property 8 we may choose £(n) >7. Now
if 2& Ugn ()N Ugny(x) and wE Ug (9), then z—y, 2—x, w—yE Ugy. Using
Lemma 3 we have

w—z2x=(w—9)+ -2+ @—2) &€3Uiyp C U,

Hence w&U,(x) and so Ugy(y) CU,(x). For property &: Suppose ¥y
ENt<yr Ui(x). We have y—xE Ny U; and so Iy—x[ <a; for £ <n* Hence
br=ar— ] y—x] >0 and decreases on £ <7n*. Because of the minimal character
of £*€A (Theorem 1), n*-lim b; 0 and there is an a; <b: for £ <7*. Now if
|z—y| <a;, then

le—zl=|s—yl+]y—z|l<a+]|y—z[<bt+]y—2| =0
for all £<7*. Hence Ug(y) CNi<yr Us(x).
THEOREM 4. G s a topological group relative to the neighborhood system U.

Proof. Consider xo, ¥&G and U,(xo+y0) EUV. By Lemma 2 there is a
Uy, such that 2U;, CU,. Now if x€ Uy, (%0), yE Ug,(30), then (x—x0) + (¥ —0)
€ Ug,+ U, CU,. Hence x+y& Uy(xo+y0) and x+y is a continuous function
of its two variables.

2. Lower segments and topological completeness. By a lower segment in
G is meant a nonempty, proper subset X of G such that if xEX, then all
y<x and some z>x are in X. For each x,&G the set X (x¢) = [x|x<xo] is a
lower segment in G. A lower segment is called Dedekindean if y>6 in G im-
plies there is an x € X such that x4 y€ X. This concept was introduced by R.
Baer [1] in finding necessary and sufficient conditions for absolute closure. It
is well known that the set of lower segments of a non-archimedean group is
not a group. However, the Dedekindean lower segments form a group Gp.

A sequence x; in G is called fundamental if for every n<£* there are
£,<&* and y,EG such that £, <£<&* implies x:E U, (v,). It is known [2] that
x; is a fundamental sequence if and only if x;&€ U,(x;,) for £, <£<£* and all
7 <£*. We shall write lim x;=x if for n <&* there is £, such that x;& U,(x) if
£,SE<E*. The group G is called t-complete if every fundamental sequence
has a limit in G. It is shown that Gp is {-complete.

THEOREM 5. X 45 @ Dedekindean lower segment if and only if there is a funda-
mental sequence x¢ cofinal with X such that xz+a;EX.

(?) Properties a, B, v are axioms 1, 2, 3 in [1]. The space of [1] satisfies axiom 4 which is
stronger than 8. The Hahn groups satisfy «, 8, v and 4 (Theorem 14, below).
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Proof. Suppose X is a Dedekindean lower segment. Then for each £ <£*
there is an x;EX such that x;+a;EX. Now if x&EX there is in X a 2>x.
There is a £<&* such that 0<a;<z—x. Since 2EX and x;+a: X, 2<x;
+a; <x;+2—x and so x <x;. Hence the sequence x; is cofinal with X.

We show that x; is a fundamental sequence. If 7 <& <&* then x,—a, <x:.
Otherwise for some 7<&<E*, x:<x,—a, Since n<{ implies 0<a;<a,,
xptarSx,—a,+a:<x,EX and so x;+a;&X which is false. On the other
hand, since x; & X and x,+a, X for all £, n <&*, x;<x,+a, Hence x; & U,(x,)
for n <E<E* and x; is a fundamental sequence.

Now suppose that x;EX and x;+a;E X for £<E* Then for y>0 there is
an a; such that §<a;<y and so x;+y& X since x;+y>x:+a:EX. Hence X
is Dedekindean.

The lower segments X (xy) are Dedekindean since xo—a; is a fundamental
sequence cofinal with X (x,) such that xo= (x¢—a¢) +a:E X (xo). If we define
X(x1+x2) =X (1) + X (x2) and X (x1) > X (x2) if x1> x5, it is clear that the set
of lower segments X (x), x €G, form an abelian group isomorphic with G. We
denote by Gp the set of Dedekindean lower segments. For X;, X.EGp we
define

X1+X2=[x1+x2|xi€Xi,i=112]7
X] > X2 if Xl D Xz properly.
LemMa 4. X, XoEGp implies X, +X.EGp.

Proof. Since X,;7#0, 1=1, 2, X;+X.#0. Since X;#G there are y;FX..
NOW y1+y2€X1+X2. Otherwise y1+y2=x1+x2, x.'EX,-. Then y1+(y2—x2)
=x,E X, and, since y: X, x2E X, we have y2— x>0 so that y1 <x;, mEX,
which is false. Thus X;+4 X, is a proper subset of G. Consider x =x;+x.E X,
+X,, x.€Xi. If y<xi+x2 then y—x2<x;, y—x2EX,, and y=(y—x2) +x2
& X1+ X, There is a 5E€X; such that x—x:=x,<z. Then x<z;14+x.EX;
+ X, Hence X1+ X, is a lower segment in G. We show that X;+ X, is
Dedekindean. Since each X; is Dedekindean there is a sequence x;: & X; such
that x;+a;EX;. Then xy;4x2+2a:EX1+X.. Now for x>0 there is an
n<&* such that 2¢,<x. Hence xi,+x2,+x>x1,+%2,+2a, so that xi,+xs,
€ X1+ X, while x1,4+x2,+xF X1+ X,. Hence X+ X is Dedekindean.

LEMMA 5. X1+ X=X+ X1; Xi+ (Xo+X35) = (X1+ X)) + X5 4f X EGp.
Proof. The proof is clear.
LeMMA 6. X EGp implies X(0)+X =X.

Proof. If x€X and y&X(8), then x+y<x and so X+X0)CX. If xEX
there is a 2& X such that x<z. Then x—2&X(0) and x =24+ (x—2) EX(0) + X.
Hence XCX+X(0). We shall denote X(#) by ©.

Lemma 7. If XEGp, Y=[y| —y&X], Z=V—[sup Y] where the set
[sup Y] may be empty, then ZEGp and X +Z =0.
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Proof. Since Y contains more than one element and is not G, Z#0, G.
Consider z&€Z. If w<z, then —2< —w and, since —2&¢X, —w&X, wEZ.
Further since z<sup Y or sup Y does not exist, there is w&Z such that z<w.
Hence Z is a lower segment.

We show that Z is Dedekindean. Consider w>6 and a;<w. Since X is
Dedekindean there is an x €X such that x+a;&EX. Now —(x+a;) €Y and,
since x+a;<x+w, —(x+w)<—(x+a;). Hence —(x+w)zsup YV and
x+w&X. Therefore — (x+w)EY—[sup V]=Z. Now —x=—(x+w)+w is
not in Z. Otherwise —xEZCY and x& X which is false. Thus for any w>60
there is 2= —(x+w)&Z such that s4+w=—(x+w)+w=—x&Z and Z is
Dedekindean.

Finally we show that X+4Z =0. Consider any % <0 and a;< —u. Since X
is Dedekindean there is an x € X such that x+a;EX. Hence —x—a;E YV and,
since u—x<—x—a;, u—xEZ. Thus u=(u—x)+xEZ+X and 6CZ+X.
On the other hand if x&€X and z&Z, then, since —z& X, x<—3z. Hence
x+2<0, x+2E0 and X+ ZCO, which completes the proof.

THEOREM 6. The set Gp of Dedekindean lower segments in G is an ordered
abelian extension of G.

Proof. Lemmas 4, - - -, 7 show that Gp is an ordered abelian group. The
set of X(x), xEG, is a subgroup of Gp isomorphic with G.

In discussing the group Gp we shall denote X (x) EGp by x, for example,
X+y=X+X(y) and X > X(y) may be written X >y. The group Gp has the
associated minimal ordinal (Theorem 1) £*(Gp).

THEOREM 7. £*(Gp) =£*(G).

Proof. First we show that £*(Gp) <£*(G). We note that X(ay), £ <£*, de-
crease and are positive in Gp. Consider X >0. There is an x & X such that
x>0. There is a £ <£* such that 6§ <a;<x. Hence ©® <X (a;) < X(x) <X. Since
the X (a;) decrease, £*-1im X (a;) =0 and so £*(Gp) S £*(G). Now let n* =£*(Gp).
Then there is a decreasing n*-sequence X, in Gp such that »*-lim X, =0. Since
the X, are positive lower segments in G there is, for each n<7*, an x,€X,
such that 8 <x,. For any a; &G, X(a:) >0 and there is an 5; <79* such that if
7 =n<n*, then 0<X,<X(a;). Now x,EX,CX(a;) and so 0<x,<a; for
n:<n<n*. Hence n*-lim x,=60. By transfinite induction and Theorem 2 a
decreasing {*-subsequence {*<7%* can be chosen from x, It follows that
£ (G) 2 ¢* <£*(Gp) and the proof is complete.

COROLLARY. The system Up=[Ux(X)] where
Ux) = [V]|¥ - X[ <ail, E< 8

is a neighborhood system for Gp having the properties of Theorem 3.
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THEOREM 8. Gp is t-complete.

Proof. Let X; be a fundamental sequence in Gp. Consider V,=U, <t X,
Y=Ny<t* ¥y X=Y—[sup Y]. Since X; is a fundamental sequence, for each
n<&* there is a £,>7 such that Xy —a, <X <X +a, if £,<£<E* Hence
(1) Y = n Y;ngﬂ= U XECXE,,"l'am 17<£*,

<t g St
and so XCYCXy+a,#G. For every 7, (<&, Y DX:DX;—a, if §
>max [{, £&,]. Hence
2) Y'=n YD Xy — a 1 < £,
<t
and so X = Y— [sup V]=0.

If x€X, then x€Y,, n<£&*, and xEXgM for some &,,,=7. Now y<x
and X, €Gp imply yEX,, CY,, n<{* Hence y€Y. But y<x& Y and so
y#sup ¥ and y€X. Since X=Y—[sup Y] and G is not discrete, xEX
implies there is a w& X such that x<w. Thus X is a lower segment in G.

We show that X&Gp. Consider x>0 and {<£&* such that 3a;<x for
CoS¢<E*. Now from (1), (2) we have

(3) XE;-_afCYCXig_l'ai’y §‘0§§<E*°

Since Xy —ar,&Gp there is yE Xy —az, such that y+a;, & Xg —ar,. Then
y+x>y+3a;,&E Xy +ar,. Hence y+x X CYC Xy, +ar,. Since Xy —ar, has
no maximum and is contained in Y, y#sup V. Thus y&Xy —a;,CY
—[sup Y]=X and y+x& X and X is a Dedekindean lower segment.
We show that lim X;=X. Since X =Y — [sup Y] and a; >0 we have from
(3)
ng. — 20 < X < Xyy + 24,
| X — Xep| < 24 fo S ¢ <X

For n<&*, 2a;<a, for {,<¢<&* by Lemma 1. Hence |X;r—X] <a, for
max [{o, {y] S¢<E* and so lim Xy =X. Since Xy is a subsequence of the
fundamental sequence X;, lim X;=X.

The facts that the group Gp consists of the Dedekindean lower segments
in G and that the set of all lower segments in G do not in general form a group
[3] together with the appearance of fundamental sequences in Theorem 5 and
the proof of Theorem 8 cast light on the roles played by the Dedekind cut
and the Cantor fundamental sequence in completeness theory. There is
an equivalence between the Dedekindean lower segments and the classes of
equivalent fundamental sequences. Two fundamental sequences x;, ¥: in G
are equivalent if lim x;—y;=#0. It is clear that this definition separates the
set of all fundamental sequences in G into disjoint equivalence classes. These
classes form an ordered abelian group G¢ isomorphic with Gp. The proof of
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this, which follows classical lines, can be supplied by the reader.

3. Completeness in the archimedean sense. Completeness in the sense of
Archimedes is a concept introduced by Hilbert [4] in the foundations of
geometry. Two elements x, y>0 in an ordered abelian group G are called
relatively archimedean if there are positive integers n, m such that nx=y
and my=x in G. If every pair x, y>0 in G are relatively archimedean, then
G is an archimedean group. An extension I of G is called an archimedean
extension if for every y&EH, y>0y, there is an x &G such that «x, y are rela-
tively archimedean in H. A group G is called a-complete if G has no proper
archimedeanextension. We indicatethe relation between ¢-and a-completeness.

THEOREM 9. If G is a-complete, then G is t-complete.

Proof. Suppose G is not t-complete. Then Gp, being a {-complete extension
(Theorem 8), is a proper extension of G. We show that Gp is an archimedean
extension of G. Consider X >0 in Gp. There is a fundamental sequence x;
cofinal with X such that x;+a:&EX (Theorem 5). There are x>6 in G and
7 <E* such that for n<¢<&*, x<x:. There is a {>7% such that for { S&<E¥,
|x5—x;| <x. Now x:EX and x;+x; >xr+a>x; if { SE<E*. Hence xp+x;2 X
and so Gp is an archimedean as well as a proper extension of G. This contra-
dicts the hypothesis and the theorem follows.

The converse of this theorem is false as the following example shows. Let
G be the set [g] of integer valued functions g(#) on the set of positive integers
and let H be the set [k] of real functions #(n) on the same domain. If f,, fa
are functions in either set we define fi <f. if fi(m) <f2(m) where m is the first
n for which at least one of the functions does not vanish. With the usual defini-
tion of addition and the null function, G is an ordered abelian group and H
is a proper extension of G. We define the functions a.,=a.(n) =1, 0 accord-
ing as whether n =m, #m. In both G and H, w-lim a¢,=0. If we denote by f
an element either of G or of H, the neighborhoods Ui(f) = [f| | f'—f| <a:] are
equivalent to the sets Vi(f) = [f'|f'(n) =f(n), n<k]. G is t-complete. For
g is a fundamental sequence in G if and only if for each & there is a v(k) such
that, for v=v(k) and n <k, g,(n) =g,ay(n). The function g =g, (n) is the limit
of g,. H is an archimedean extension of G. For consider & =k(n) >0. There is a
first n=m for which k(n) 0. Then k(m) >0 since £>0. The function ¢,.EG
is such that, for some integer &, kh(m) >1=a,(m) and ka,(m) >h(m). There-
fore the ¢-complete group G, having H as a proper archimedean extension, is
not a-complete.

A partial converse of the previous theorem is:

THEOREM 10. If G is i-complete and is dense in every archimedean extension,
then G is a-complete.

Proof. Let H be an archimedean extension of G. The sequence a; which
decreases to 0 in G decreases to 8 in H. Otherwise there is y >0 in H such that
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there is no x G between 0 and y and G is not dense in H. Now for 2& H and
£ <£&* there is an x; &G such that z—a; <x; <z-+a; since G is dense in H. From
the decreasing character of the a; with the limit 6 in G it follows that x; is a
fundamental sequence. Since G is {-complete, lim x; =2&G. Hence H=G and
G is a-complete.

4. Order completion. The set G of all lower segments in G is not a group
in general. We note that this failure is due to the existence of non-
Dedekindean lower segments since such segments have no inverses. If G is a
non-archimedean group there are non-Dedekindean lower segments in G.
For: There are x, y&G such that § <nx <y for all positive integers n. The
lower segment X = [zl z<n.x] is non-Dedekindean.

THEOREM 11. If £*=£*(G) >w, then G is non-archimedean.

Proof. There is a & <£* such that 2a¢ <ay (Lemma 1) and for £, there is
£, <E* such that 2aq,,,<ag, n=1, 2, ---.Now by Theorem 2, since
£*>w, there is a { such that sup [£,] <{<&*. Since the a; decrease, a; <a:,
for all n. Hence na; <2%a; <2"a;, <a, for all n. Hence ay, a, are not relatively
archimedean and the theorem is proved.

THEOREM 12. X € G is non-Dedekindean if and only if there is a y#0 in G
such that X +y=2X.

Proof. Suppose X+y=X for y#0, then X=X—y and either all of
X, X +y are Dedekindean or none is. Since x&X if and only if x+yEX +y
the result follows from the definition of the Dedekindean property of lower
segments.

THEOREM 13. If X is non-Dedekindean there is no Y E G such that X + Y =0.

Proof. Since X is non-Dedekindean, there is a y£60 such that X+y=X.
Now we have the contradiction X (y) #0 and if X+ V=0,

O=X+V=X+X0N+Y=X+7Y)+ X(y) = X(¥.

5. Hahn groups. The group H given in the example of §3 is a special
Hahn group [5]. In general a Hahn group H is the group of all real functions
x(a) defined on an ordered set 4 = [a] such that the set L(x) = [a|x(e) 0]
CA is well-ordered in 4. Order in H is defined thus: x>0 if x(ap) >0 where
a is the first element in L(x) and x;>xs if x;1—x2>60. The Hahn groups are
ordered abelian groups. Hence for each such group H there is a minimal
ordinal £* =£*(H) and a decreasing sequence x; & H such that £*-lim x: =6. Let
us consider the initial elements oz = L(x;). Since the x; decrease the a; do not
decrease. If the set [a5|$<£*] has a maximum a,, then a,=(1/n)x,, is co-
final with x; in H and £* =w. If the set [ag[£<£*] has no maximum there is
an increasing subsequence «y,, 7 <£*, cofinal with a; in 4 and the elements
a,& H such that
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0, a #F ag,
a,,(a) = { i

1, o= oy,

form a sequence decreasing to 0 in H. For: To each oy there is an ag >o;
and so a,<x; while, since e, increases in 4, a, decreases in H. The neighbor-
hoods U(x) are defined in H by:

U= U0) = [2]] 2| < asl,
Ue(x) = . + Uy, <~
An equivalent set of neighborhoods V,.(x) are defined by:
T.=[8la=8]CA4, a € 4,
Vo= [x| L(zx) C Td],
Vel) =2+ Vo= [x+y|y€V¢].

Since the groups H are groups G, the neighborhoods have the properties of
Theorem 3.

THEOREM 14. If n* <§*(H) and U,(x,) decrease on n <n*, then Nq<y U, (%)
is a nonempty open set.

Since m<n:<n* implies Ue,n(x,,,)D Ug,,(%4,), %q,—%, €U, and x, (@)
=%y,() for a<ay, . Hence there is x €H such that x(a) =x (@) for a<ay,
71<17* Clearly x&Ng<y Ug,(x,) and the intersection is not empty. Finally 1f
*E Ny Ug, (%), then there is Ut,(x) C Ug,(x,) for n<n*. Since sup [§‘,,| n<n*]
={<&* (Theorem 2), Us(x) CNao<re U;"(x) CNacyr Ug,(x,) and the intersection
is open.

This theorem shows that the Hahn groups satisfy axiom 4 of [1] and so
all the axioms given there, since «, 8, ¥ of Theorem 3 are 1, 2, 3 of [1]. Cer-
tain properties of Hahn groups are immediate.

COROLLARY 1. A Hahn group is t-complete.

Proof. Hahn showed in [5] that groups H are a-complete. It follows from
Theorem 9 that they are #-complete.

COROLLARY 2. Hahn groups are of the second £*-category.

Proof. The Hahn groups satisfy axioms 1, 2, 3, 4 of [1] and it is shown
there that s-complete (called £*-complete) spaces are of the second £*-cate-
gory.

THEOREM 15. 4 lower segment X of a Hahn group H has a least upper bound
if and only if it is Dedekindean(%).

(%) A different proof of this result was communicated to us by D. Zelinsky.
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Proof. If sup X =x(&H, then xy—a; is a fundamental sequence cofinal
with X such that (xo—a¢) +a;=xc&EX. By Theorem 5, X is Dedekindean.
Now suppose X is Dedekindean. Then by Theorem 5 there is a fundamental
sequence x¢ cofinal with X such that x;+a:&EX. Since H is t-complete,
lim x;=x0&H and for n <£* there is a £,>7 such that for £, SE<E*, xo—
<xz<x9+a, Now xo&X. Otherwise there is in X a y>xo. There is, by
Lemma 1, an n<£* such that 2a,<y—x,. Then for £,<E<E*, xita:<wxo
+a,+a:<xo+2a,<yEX and x;+a;&X, which is false. Therefore, x&EX
implies x <xo which with xo—a,<x:EX for all 7 and some £ less than &*
yields xo=sup X.
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